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C � �� �� v � ����� 	� 	
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v̇j(t) + [um(t)] {Γj
m l[r(t)]} [vl(t)] = 0 �1�

���� ������� Γ � �t � ������� �� �� 
� 	� ���� � �� � r(t) ��� � ������� t �! �"1# ���
� ���� t �� �$%� X � &�'� Ẋ

um :=
dxm

dt
. �2�
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v̇ + um Γm v = 0 �3�

v̇ �+�� ������� 	� ���,-.� ���� /01 ���,-.� �! ��� 	 20�3�� Γk �! ��)�� ��
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Γ(t) := [um(t)] {Γm[r(t)]}, �4�

� ( ) �� �� 	
��� � ����� 	� �7��� ��)*�

v̇ + Γ v = 0 �5�

M 	� *�� � �)�8� 90 2� ���� v 	� �� � 	7� 	� ����� 90 :0� ��)�� ��
�! �%�

v(t) = [M(t, t′)] v(t′). �6�

�� �+;0�<*� t 	� ���� �3 t′ 	� ���� 
� C � �� �� 	
��� � ����� � �)�8� [M(t, t′)] ��

� ,0��3

M(t) := M(t, 0), �7�

�0���

v(t) = [M(t)] [v(0)]. �8�

�! ��� :)��

M(t, t′′) = [M(t, t′)] [M(t′, t′′)]. �9�

���� �0=������ 	
��� � ����� � �)�8� ��)*� �>?�� �-@A 
� :0� 
�
��<
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ġj k − um (Γl
m j gl k + Γl

m k) gj l = 0, �10�

���%� � ( ) �� �0

ġ − (Γ∗ ⊗ 1 + 1 ⊗ Γ∗) g = 0. �11�

����� �w 	� ��� �F 	� ��%��� � �5� 
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�
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d
dt

[g(v, w)] = 0. �12�

�M�;�� t = 1 � t = 0 N?3�3�� �� �F 	� �O��� � �+��� �! +0�?<B ��%� 	 �� �� C

�� P�@� 	� �QR� 	7� 	� �QR 90 
� �)�8� :0� �+;0�<*� 	��5�-�5 M(1) �� �+��
*;�0 ��H�� �0=��@� 	� �?E�� � ���� C � �� �<� ���� �QR ���� �� ��� 	� �+���
,0��3 �390 � ��S �� ��<���� � ��<TU 	� ��V;! �F �� �! �H�� 	� �?E�� � ����
90 M(t) ��)*� �>?�� �F 	� 	�0=������ � M(t) 	� *<����*� 
� ��<�F �+��)*�
�� M(1) 	� ��� �>?�� :0� ��:!*� (0+$3 ��<���� � V;! 90 �� �� ��<���� � V;!

2� ���� ����

det[M(1)] > 0. �13�

��� � 90 7� R � (��) 	 �� � � ����* � � W� $ � �� � ( �� X C 	� ��% � � �� � <�
C �<� *;�0� ����B ���L ��� 	� �0��� �� 	� �+��� +;0F�R :0� � *S �! ��:U ��H��
	 �� �� C(s) :0� � �+0� 	� �� � ���� �$Y� det[M(1)] �� ��H�� *O0+�	T35�@�5
	� �
� � � ���� s 
� ����* � 	 Z �� 3 ��+ ) , 0� � 3 s ∈ [0, 1] � � � ! + 0� ? <B ��% �
���L � �� C(1) � ���� C ���� C(0) ���� ���L H�1 �0�� H�1 �:��� 	� �� s 	� �@�
�>?�� �! ���� s 
� ����*� � Z��3 90 	��5�-�5 [��D :0� �� ���� �	�����93�
	���� s = 1 	� �
� �� 	��5�-�5 ���� s 
� ����*� � Z��3 90 �� �F � ��;?��3� ���*�
	��5�-�5 � ��;?��3� ����� �$Y� �>?�� �� �� 90 	��5�-�5 � ��;?��3� s = 1 �� 2� ����
	� �?E�� 90 �� �! ����*� � Z��3 90 ���� �0=������ 	��5�-�5 ��U ���)*�� �\D
�� 	��5�-�5 � ��;?��3�2� ����*�� ��]^�� ??_3 ���)*�� �\D � �+) ,0��3 +;���

���� ���� �13� �� [�E :0� �� N?3�3 :0� �� ����*�� ��]^��??_3 s � �??_3

� �)�8� 90 M(1) ��<�F ��H�� ��<
�� 	(��� � B�C(� D�E �� 	
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	��5�-�5 +0:!W�R � +0�?<B �a� �� �� �F �� C 	� ��%� � �� � 	+��5�� 	� �QR 90
:0� ���)*� bc'� �0��
 90 7�R �� 	+��5�� 	� �QR 90 �� ����1�1 ���� ����1�1 90
��� ���� �F � �OA � ��� �! �0�?<*� ��:U �� C′ � �� ��0��*� ��'� θ(C) �� �� �0��


�<� ��H��� 	90 C 	� �0�� �� �d1�ef H�1 �0�� ��� ��H�� C � �OA �

r′(0) = r(t1), �14�

��<�F �+�� t �� C′ � C N?3�3�� 	� ���� � ��+�� r(t) � r′(t) �!

M ′(1) = M(t1, 0)M(1, t1), �15�

�

M(1) = M(1, t1)M(t1, 0), �16�

M ′(1) 2 � �+ �� C′ � C N ? 3� 3� � � � � M� ; � � 	� � �	
�� �� � � � �� M ′ � M � !
��)*� d�-�� �-@A 
� ���� M(1) 	� ��R�0	���'3(� 0+$3

tr[M ′(1)] = tr[M(1)], �17�

���*� �>?�� �!

cos[θ(C′)] = cos[θ(C)]. �18�

cos θ ��� ��:!*� �??_3 ����*� � ��S �� �� θ � ��+�� �t1 	� ����*� � �����??_3 ��
	� �0�� �� θ ��)*� d�-�� N?3�3 :0� �� �����B ���L +0�� �� θ � ��� 2� �����*� ���L

������ *<��%� ��
� 3 �� � (��) �0:!*� ,0��3 	 �� �� (C′ C) �+0�?<B �a� �� �� C′ � C 	� ����
�! ��)*� ,0��3 	 �X� B�C(� D�E :0� ���� C′ d�� 	� � 3 � C �� 	� � 3 �!
���� �F 	� 	P+;� � ( ) �! ��� 	 �� �� �� C−1 ��H�� C′ 	� �+��� C 	� �O���
C−1 	� �O��� � �+��� �! ��:U ���� �+) ����� �F � /0�@?� 	� �� ��� ���� C � ( )

���� C 	� �+��� � �O��� N?3�3 ��
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���� 	� �O��� � ����90 ���� 	� �+��� �! +0�?<B ��:U �� C3 � �C2 �C1 	� ����
W�R �+�� ��%� ���� �(C−1

3 C1) � (C−1
3 C2) � (C−1

2 C1) 	� ���� ��H�� ���90
�0��� ���� ����1�1 (C−1

3 C2) � (C−1
2 C1) 	� ���� 	� 	��5�-�5 +0:!

M(C−1
3 C1)= [M(C−1

3 )] [M(C1)],

= [M(C−1
3 )] [M(C2)] [M(C−1

2 )] [M(C1)],

= [M(C−1
3 C2)] [M(C−1

2 C1)], �19�

�� )* � � > ? � � �19� 
� �� �� C � � � � � 	
�� � � � � � �� � � )� 8 � [M(C)] � !
� ���� ����1�1 90 �� [M(C−1

3 C1)]

θ(C−1
3 C1) = θ(C−1

3 C2) + θ(C−1
2 C1). �20�

	� �$3�� :0�� �3 �� 	��5�-�5 �0����*� �+0�?<B 9U�! 	� ��%� � �� 90 �� C

��)*� �>?�� �5� 
� ��0:! B�%E �� :0� 	� �
�+�� �� �$%� 	�0+���

Ṁ(t) = −{Γ[r(t)]}M(t), �21�

��)�� :0:U �� �F ��)*� �!

M(t) = 1 −
∫ t

0

dt′ {Γ[r(t′)]}M(t′). �22�

�3 0 
� �� �� � ������� ���! B�%E *f���� 	� ��N0��3 � H�� �� �� M ��)*� �7��� :0� ��
��� 	� �
�+�� �� �$%� d�� 	� �$3�� �3 ��0�?<*� 1

M(C) =1 −
∫ 1

0

dt Γ[r(t)] +
∫ 1

0

dt

∫ t

0

dt′ {Γ[r(t)]} {Γ[r(t′)]} + o(C2),

=1 −
∮

C

drn Γn(r)

+{Γm[r(0)]} {Γn[r(0)]}
∫ 1

0

dt

∫ t

0

dt′
drm(t)

dt

drn(t′)
dt′

+ o(C2),
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= 1 −
∫

S

drm ∧ drn ∂mΓn

+{Γm[r(0)]} {Γn[r(0)]}
∫ 1

0

dt
drm(t)

dt
[rn(t) − rn(0)] + o(C2),

= 1 −
∫

S

drm ∧ drn ∂mΓn

+{Γm[r(0)]} {Γn[r(0)]}
∮

C

drm [rn − rn(0)] + o(C2),

= 1 −
∫

S

drm ∧ drn ∂mΓn − {Γm[r(0)]} {Γn[r(0)]}
∫

S

drm ∧ drn + o(C2),

= 1 −
∫

S

drm ∧ drn (∂mΓn + Γm Γn) + o(C2), �23�

�� H�� � ��%��3 � ,0��3 �� ���� C 	� ��%� � �� �F � 
�� �! ��� 	� �0� � S �!

� ( )

Rm n = ∂mΓn − ∂nΓm + Γm Γn − Γn Γm, �24�

��)*� �>?�� �"1# �(1 Y��

M(C) = 1 − 1
2

∫
S

drm ∧ drn Rm n + o(C2). �25�

	(��� � B�C(� D�E �� 	
���� ����� 	 �X� ���� ���� 	 +��5 �� 	� ��� �>?�� :0�
� 3� ��� ���� � ��� � � �)�8 � 90 �25� � ���� � 4�S �� d�� 	� �-@A ���� �� <
��
� � � ! * 0 	
�� �� � � � �� 	� �� � � +� �5 �� �� 2� ����) +�� � � � � �)�8 � 90 	��5� - �5

�! �%� �H�� � �f� ��� R � �f� �� 90 ���� ��<
�� 	(��� � B�C(� D�E

Rm n =
1
2

R εm n ε, �26�

��)*� �>?�� ���� "a# ��0�?U	�f� � ��%��3 ε �!

M(C) = 1 − 1
2

S R ε + o(C2), �27�

���*� �>?�� �!
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θ(C) =
1
2

S R, �28�

���� C �F � 
�� �! ��� 	� �0� � � �E�%� S �!
�! +0�?<B �a� �� 	+��5�� 	� �QR 90 �+0F*� ��� �� �>?�� :0� �28� � �20� 
�
	� 	��5�-�5 �<� ��+) ,0��3 	(���B� �C(� D�E �� ��<
�� 	� 	
���� ����� 90 �F ��
�+0F ��� �� C 
� ����*� � ��S �� C′ 	� ��%� � �� � �H�� ����1�1 C 	� ��%� � ��

� ��� ����1�1 �� C′ 	� ��%� � �� 	� 	��5�-�5

θ(C′) = θ(C) +
1
2

∫
S

dS R, �29�

	� ��%� � �� �<� ��)*� d�-�� �-@A 
� ���� C � C′ �F � 
�� �! ��� 	� �0� � S �!
��H�� S 	� �0� � � 
 �� C

θ(C) =
1
2

∫
S

dS R. �30�
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