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[e(U)] · [e(V )] = δ(U V −1), 617
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d(V U)=dU,

d(U V )=dU,

d(U−1)=dU. 637
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δ(V U V −1) = δ(U). 647

���� � ���	
 1.1

"��*#� .��/0

Iλ μ
a b

c d :=
∫

dU [rλ(U)]ac [rμ(U−1)]bd, 657
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[rλ(V )]a
′
a Iλ μ

a b
c d [rμ(V −1)]dd′ = Iλ μ

a′ b
c d′ . 667
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Iλ μ
a b

c d = δλ μ Aλ
a b

c d. 677
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[rλ(V )]a
′
a Aλ

a b
c d [rλ(V −1)]dd′ = Aλ

a′ b
c d′ . 687

�2�  ,-#� (Q��� �c� �,- � @�� � "R +�

Aλ
a b

c d = δa
d Bλ

b
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[rλ(V )]cc′ Aλ
a b

c d [rλ(V −1)]b
′
b = Aλ

a b′
c′ d, 6107
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Aλ
a b

c d = δb
c Cλ

a
d. 6117
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Iλ μ
a b

c d = Dλ δλ μ δa
d δb

c. 6127
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Iλ λ
a b

b d =
∫

dU [rλ(1)]ad,

=vol(G) δa
d , 6137

(*

vol(G) :=
∫

dV. 6147

86137 �� 6127 � T�*�0 +�

Dλ dimλ = vol(G), 6157

8T�0�0 ��� (� �%&� λ � L��?� � �/�U dimλ (*
∫

dU [rλ(U)]ac [rμ(U−1)]bd =
vol(G)
dimλ

δλ μ δa
d δb

c . 6167
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∫

dU χλ(U)χμ(U−1) = vol(G) δλ μ, 6177
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χλ := tr(rλ). 6187
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[reg(U)] [e(V )] = e(U V ). 6197
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$��� reg(U)  ,-#� �� � #�� �& ( �
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[reg(U)](V, W ) = δ(V −1 U W ). 6207
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reg =
⊕

λ

nλ rλ, 6217
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tr[reg(U)] =
∑

λ

nλ χλ(U). 6227

 ,-#� ��� 6207 � 647 +�

tr[reg(U)] = vol(G) δ(U). 6237
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δ(U) =
1

vol(G)
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λ

nλ χλ(U). 6247
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dU δ(U)χμ(U−1) =
1

vol(G)
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λ

nλ
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dU χλ(U)χμ(U−1), 6257
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dimμ = nμ. 6267
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reg =
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λ

dimλ rλ, 6277
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H =
1

2 I1
(J ′

1)
2 +

1
2 I2

(J ′
2)

2 +
1

2 I3
(J ′

3)
2 6287
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"	 �� �	 Ji 
� �	���;(��; � 3J� "	 �A� �� �� $�!�� �	���;(��; � ��,-#� �;(��;
H�3� 
a�2� 
� #P�� �� �� W; 8%&�

[J ′
p, J

′
q] = −i � εr

p q J ′
r, 6297

8���F"	 �%&� �d� ���,�F
,R� � �<��0 ε (*
∑

p

(J ′
p)

2 =
∑

p

(Jp)2. 6307

J ′
3 $3I J� � ���D��:�� �� ������  ,-#� �� |j, k, m〉 
� (��)
� �	�� �� � k � [K�- 9e�� � 

� �� ���:�� |j, k, m〉 � �� �� 8J3 � ���D��:�� �� ������ m � ��\��� � ��\��� ��� �� �%��
H%&� J ′

3 � J3 � J · J = J′ · J′ � $��+"	

(J · J) |j, k, m〉= �
2 j (j + 1) |j, k, m〉,

J ′
3 |j, k, m〉= � k |j, k, m〉,

J3 |j, k, m〉= � m |j, k, m〉. 6317
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� 
�����?	I �� 
 "�<�& 
� ��� ��$,��* � O��) � 9��0

Z = tr[exp(−β H)] 6327

(* 8%&�

β :=
1

kB T
, 6337

� 6287 +� � �P�&� � � 8��$��� 
� �� � �%&� �e� $��N���U � %�� f kB � 8g�h� 
� �� T

 ,-#� (Q��� ��,-#� �;(��; J′ � J 
� �	�.�c� (* ���

Z =
∑
j,k

(2 j + 1) 〈j, k, m| exp

{
−β

[
3∑

p=1

1
2 Ip

(J ′
p)

2

]}
|j, k, m〉. 6347
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"	 (2 j + 1) � T��2 �  �� $ #��%<� m (� %&�� � a�j 
� 
N��0����=�> 9e�� � 
M+k 6�	
$��� 
� 
%\R #�/�7 H � `�K � 3B- ��* 
� (�� � 
� ��� ����' �; $�"	 +�
|j, k, m〉 
� �	�� �� 6I1 = I27 %&� $��D�� 
� ��� "<; (* 
 `�K � �@�5 � �%&�

H��� 
�����?	I 
� �	�� ���:��

H =
(

1
2 I3

− 1
2 I1

)
(J ′

3)
2 +

1
2 I1

J′ · J′, 6357

�

H |j, k, m〉 = �
2

[
k2

(
1

2 I3
− 1

2 I1

)
+ j (j + 1)

1
2 I1

]
|j, k, m〉. 6367

8�;��� +�

Zsy =
∑
j,k

(2 j + 1) exp
{
−β �

2

[
k2

(
1

2 I3
− 1

2 I1

)
+ j (j + 1)

1
2 I1

]}
. 6377
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��* 
� ��� 
� ��� � ,-#� �0� �& "	 ��� +� (�c<� 8�0`�K � �@�5 � � 
8�@�5 ��� � ���� ����� "	 �� �	
$��� 
� 
%\R

Zsp =
∑

j

(2 j + 1)2 exp
[
−j (j + 1)

β �2

2 I1

]
. 6387

6377 � %&�� � a�j � _,?Q� +� #� �	(�?; 1D �@�5 ��� � �%&� �P4 I3 (��� 
� ���
8�;��� +� �%&� �P4 $�-� k (* ��� �P4��

Zr =
∑

j

(2 j + 1) exp
[
−j (j + 1)

β �2

2 I1

]
. 6397

���� �� ��� ����� �� �
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"��*#� .��/0

Xp := β1/2 J ′
p. 6407

(* #�/� ��� (� 8��,-#� �;(��; "	 �� 6β → 07  ��+ 
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〈ΔX〉 ∼ (β1/2
� 〈X〉)1/2, 6417

� ��� D � 8" �� � �� � P4� � �� � 	 Xp 
� 
%-� " ! F � ��� D � � �� (β → 0) � # � / �
���,-#� ��&b* �	 Xp #�/� ��� � ,-#� β1/4 
� (�0�� +� (ΔXp) 
� 
%-� "!F

8�	 p 
� (?	 
� �+� (� $' � (* #� �� #�/� 8 ��+ 
� �� 

(β �
2) � Ip. 6427

3���0 @��A��� (�  ,-#� �� �	�@�5 
� �� 9?; 6327 � 8 ��+ 
� �� � T�0�0 ��� (�
H �*

trA =
∫

d3x f(x)A(x), 6437

����' xp �  �> Xp 
� �; (� $' � (* A $�"	 #�/� A(x) � 8%&� �	 Xp � 9��0 A (*
"��� �"����#� ���� � ,�> �� �� U

{[reg(U)] A [reg(U)]−1}(x) = A(U x), 6447

 � #� (Q��� 6 �*#�$ ���m0  � 
(��!0 � 3���0 �� $,F7 (*
∫

d3x f(x)A(U x) =
∫

d3x f(x)A(x). 6457

8%&� �� � ����� x → (U x) � 3���0 
� 
T*U�� � $�����0 (* ��� +� � �P�&� �� � �;��� +�

f(U x) = f(x), 6467

"��� �%<�� x � %n; � 9��0 f #�/�
∑
k,m

|j, k, m〉〈j, k, m| = δX2, β �2 j (j+1), 6477

 � #� (Q��� (*

tr[δX2, β �2 j (j+1)] = (2 j + 1)2. 6487

8��,-#� 6�%&�#)7 ��&b* X 
� �	��m�� (* 
 �5 � 
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δX2, β �2 j (j+1) → δ{[j0(X) − j]/(Δj)}, 6497

(*

X2 =: β �
2 [j0(X)] [j0(X) + 1], 6507

� � ��� � SU(2) � SO(3) 
� �� � Δj �%&� "	 +� j 
� #R�, �� � ���D� � 
� (�4� Δj �
� (β → 0) � � 5 �  , -# � (Q � � � 6497 � 86487 86437 +� �%&� (1/2) � 1 T� 0� 0( �

8�P4�� [β �2 j (j + 1)]

∫
d3x f(x) δ{[j0(X) − j]/(Δj)} = (2 j + 1)2, 6517

��

4 π (β �
2)3/2 j2 f [(β �

2)1/2 j] Δj = 4 j2. 6527

8T�0�0 ��� (� �%&� V�W� j (* ��- � �P�&� ��� +�

f(x) =
1

π (β �2)3/2 Δj
. 6537

 ,-#� 6327 8 ��+ 
� �� � N)

Z =
1

π (β �2)3/2 Δj

∏
p

(2 π Ip)1/2, 6547

��

Z =
8 π2

Δj

∏
p

(2 π Ip kB T )1/2

h
. 6557

��4� %&� ���� � "Q5 8%&�� � a�j � ��23� 4�5 � T��2  ,-#� ��� 
� ��' %& (� "	 �0� �&  ,-#� �� (Q��� ��� 
� �%<��� 8$��D�� 
� ��� 
� ���

H6"����#� V�W� �� j �7 "�N�,�#� @��A��� � 3B- (� �� 6377 ��* ��� 
� ���

Zsy =
1

Δj

∫ ∞

0

dj

∫ j

−j

dk 2 j exp
{
−β �

2

[(
1

2 I3
− 1

2 I1

)
k2 +

j2

2 I1

]}
,

=
2

Δj

∫ ∞

0

dj

∫ j

0

dk 2 j exp
{
−β �

2

[(
1

2 I3
− 1

2 I1

)
k2 +

j2

2 I1

]}
,



��$��� 
� 
���' � ����B� pq

=
2

Δj

∫ ∞

0

du

∫ ∞

0

dk 2 (k + u)

× exp
{
−β �

2

[(
1

2 I3
− 1

2 I1

)
k2 +

(k + u)2

2 I1

]}
,

=
4

Δj

∫ π/2

0

dφ

∫ ∞

0

dρ ρ2 (cos φ + sinφ)

× exp
{
−β �

2

[(
1

2 I3
− 1

2 I1

)
cos2 φ +

(cosφ + sin φ)2

2 I1

]
ρ2

}
,

=
π1/2

(β �2)3/2 Δj

×
∫ π/2

0

dφ (cosφ + sin φ)
[(

1
2 I3

− 1
2 I1

)
cos2 φ +

(cosφ + sin φ)2

2 I1

]−3/2

,

=
π1/2

(β �2)3/2 Δj

×
∫ π/2

0

dφ

cos2 φ
(1 + tanφ)

[(
1

2 I3
− 1

2 I1

)
+

1
2 I1

(1 + tanφ)2
]−3/2

,

=
π1/2

(β �2)3/2 Δj

∫ ∞

1

dv

2

[(
1

2 I3
− 1

2 I1

)
+

v

2 I1

]−3/2

,

=
π1/2

(β �2)3/2 Δj
(2 I1) (2 I3)1/2, 6567

8�;$' +� �

Zsy =
8 π2

Δj

[
(2 π I1 kB T )1/2

h

]2
(2 π I3 kB T )1/2

h
, 6577

�%&� I2 = I1 
� ��� 6557 $�"	 (*
��� e� � p = 3 
� �+� ( � 6427 $,F 8 � � �� * ( �  ,-#�$ �� 6577 � � 6557 ( � � � 
� �� �

H6"����#� V�W� �� j �7 "��*#� 3���0 @��A��� (� �� 6397 �@�5 ��� � �%<��

Zr =
1

Δj

∫ ∞

0

dj 2 j exp
(
−β �2

2 I1
j2

)
,
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=
1

Δj

2 I1

β �2
, 6587

��

Zr =
4 π

Δj

[
(2 π I1 kB T )1/2

h

]2

. 6597
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