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�� �� � Z�K	 �$ %�� &ξ* �"�3�� � ,�/�	 �
 &���	)[
�* ���	
�12 � ,"�4� �
 � /�#	
V%�� ��� ,= �� %��� &g* �
��	 � "#����

Lξ(g) = 0, &1*

.,= "3 �$

[Lξ(g)]μ ν = ξα ∂α gμ ν + (∂μ ξα) gα ν + (∂ν ξα) gμ α,

= ξμ ;ν + ξν ;μ. &2*

X
�P� g � �
��	 �� �>�?�	 �� 6b7 ��
#� �#�� � "���)�� �� �W��" C
� "3 �3")�� � Z�K	
V%�� L/0

ξμ ;ν := ∂νξμ − Γα
ν μ ξα,

Γα
ν μ =

1
2

gα β (∂νgβ μ + ∂μgβ ν − ∂αgν μ). &3*

5/?
#!�	 6a7 T?���$ �� �"�3�� � ,�/�	 �
 3"�)=�	 �� �" &1* �$ �
 �"�3�� � ,�/�	 ��
�" &3)"�	 "�$ �� ���4	 C
� "3 �$ ��/?� � 3"#	 "3 ��
3 �� ��[� �\P� )* ��C
�

5%2�
 627 ]� ^	 "3 3#0�	
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"3 � �%0�� � �� �� � 	�"� +� 
 �� L3�# �� 8 �
 � � � >� ? � 	 &ξ* �"�3� � � ,�/ � 	 � �
.&s* ��	�"�+ � � #$ �� ��"�/4	 �� �
� �� 5&�"�3�� � ,�/�	 ,= � `"�0* %�� ,�	
�12

� a90 �� %0��� C
�

rμ → rμ + s ξμ &4*

φ � ,�/�	 .%0��� C
� �� �>�?�	 /�?$b�2 5/�� ,�	
�12 �� ���@�A	 �� rμ �$ .%��
5���3 ���c� a90 C
� �� �" &����� �
 �� �9�	�?
3 � ��c�	*

φ→φ + δφ,

δφA(r) = −s ξμ ∂μφA, &5*

(�� �� �W��" "3 (−s) � U
�G ./0�� ���9�� φ �!� 5/�� φ � ,�/�	 �� ������	 �� φA �$
����� �� ����d � ,"�4� &5* � a
/�� �$ %�� C
� D��� 5%�� ξ �� %��� φ �� �� � Z�K	
�"�3�� � ,�/�	 �
 � R��; "#
3 ,= � �e�8 �� ���������� ���� � ���c� �?P
 .��� �
 %��

3#0�	 L/
3 5�
��!�	 �
�� ����	 ��?$�	 ��"�� �$ �" � ����� 5��� �
 %��

1
s

δL=−(ξμ ∂μφA)
∂L

∂φA
− [∂ν(ξμ ∂μφA)]

∂L

∂φA
,ν

,

=−ξμ

[
(∂μφA)

∂L

∂φA
+ (∂μ∂νφA)

∂L

∂φA
,ν

+ ∂φ
μL

]

−(∂νξμ)
∂L

∂φA
,ν

∂μφA + ξμ ∂φ
μL,

=−ξμ ∂μL − (∂μξμ)L

+(∂μξμ)L − (∂νξμ)
∂L

∂φA
,ν

∂μφA + ξμ ∂φ
μL,

= ∂μ(−ξμ L) − (∂ν ξμ)Θν
μ + ξμ ∂φ

μL, &6*

V%�� ���#��$ �� ���9� ::�;��� � "#���� Θ ,= "3 �$

Θν
μ :=

∂L

∂φA
,ν

φA
,μ − δν

μ L. &7*
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ξ �� ����" "3 ���������� ���� � g
�� � Z�K	 �!� ) %�� ��� ξ � Z�K	 .��D�4��� �� ���

� ,�
�- %��E C
� "3 5�
"�3 ,"�4� ) %�� a	�$ � R��; "#
3 %��" � h�e ./0�� ���

Jν := −ξμ Θν
μ &8*

3#0�	 ,�
�- C
� � R��; "#
3 .��$ � %��E "3 �	� 5%�� ���)�+ '( �� )"

∂νJν = −(∂ν ξμ)Θν
μ − ξν ∂νΘν

μ, &9*

�� �-#� �� )

∂ν Θν
μ

ns= − ∂φ
μL, &10*

3#0�	 �<��� &617*

∂νJν ns= − (∂ν ξμ)Θν
μ + ξμ ∂φ

μL. &11*

"3 a	�$ � R��; "# 
3 � � �2�G� �� ��H- ,�H� �W��" C
� � %��" � h�e 3#0�	 L/
3
�� �"�3�� � ,�/�	 �
 ξ �!� ��E* ��$ � %��E "3 �$ C
� �<��� 5%�� &6* � %��" � h�e

5/	�<���H� ���)�+ � ,�
�- �� ) %��� ����� � ,"�4� &5* � a
/�� &/0�� 6a7 T?���$

��� �� ����
�� 2

�� �
�3")�� ����� C
� ��
#!�	 5/
���� �B� "3 �" L �� ���������� ���� �� � �����
�� ,�	
�12 
� f �� ��A
"���) �� ) ,�	
�12 "3 Ω �� ��E�� �� �� �
� �� �!� 3"�3 O�Q

5/0�� "��i�� �W��" C
� ,�	
�12
∫

f(Ω)

L̃[f∗(φ), f∗(g), f∗(ε), r] f∗(ε) =
∫

Ω

L̃(φ, g, ε, r) ε. &12*

� �j� f∗ 5/�� �
Y+Z�K	 ` � ,)"�) ) ` � 3#8 �$ �
Y+,)"�) � %0��� �?P
 ��A
"���)

� "#���� ε ) �
��	 � "#���� g 5&f � %0��� � ,�"I�+* %�� ��,�/�	 �� f � %0���
V%�� &6b7 ��
#� �#��* �<E

ε =
1

(D + 1)!
εμ0···μD drμ0 ∧ · · · ∧ drμD , &13*
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�$

εμ0···μD =

⎧⎪⎨
⎪⎩

+
√|D|, %�� 3�!%��" (rμ0 , . . . , rμD )

−√|D|, %�� 3�!l (rμ0 , . . . , rμD )
0, /�� ,���
m8�0 )3

. &14*

3#0�	 O#�P	 &12* 
� 5%�� �
��	 � R
���	 � ,�?�	��3 D

L̃ =
L√|D| , &15*

�$ %�� ,= &12* �� �<��� �


L̃[f∗(φ), f∗(g), f∗(ε), r]
∣∣∣
r=f(x)

= L̃(φ, g, ε, r)
∣∣∣
r=x

. &16*

�� �W4� "3 �" ��,= �� L̃ ) ��?$ a4�?	 f �� ��A
"���) �� �" &��/?� )* ��,�/�	 �!� �?P

x �� �W4� "3 �
/i �� ��/?� ) ��,�/�	 �� L̃ ,�H� .��?$ n��E &/
/- �� �W4�* f(x)

5%�� ���9�� L̃ �$ /??$�	 ��]8 J"��Q C
� "3 �" C
� 53#0�	 &�
/i �� �W4�*
�
 � /E �� 6b7 ��
#� �#�� � "#���� �� ������	 .�
��	 �� ������	 � ,3#�O#�P	 ��

� "#� �� � �� ���� � � 	 ./0� � 3�!%��" L/0n�A� �� � J�@�A	 �!� 5/ �� C�P	 %	]Q

� "#���� �� ���������� ��� �� �!���� .U���� C
� �� 5/�� C�P	 ]� 	�$ 6b7 �� 
#� �#��
V3�$ 3"�) �
��	 � Z
�e 
� 3#0�	 �" 6b7 ��
#� �#��

SΩ =
∫

Ω

L(φ, g, r) dr0 · · · drD =:
∫

Ω

L(φ, g, r) dD+1r. &17*

V/
���� �B� "3 �" g ) φ �� ,= � �j� ) ���H� �� �
3[� �� ��A
"���) �
 (�E

[f(x)]μ = xμ + s ξu,

f∗(φ)= φ − s Lξ(φ) =: φ + δφ,

f∗(g)= g − s Lξ(g) =: g + δg, &18*

3#0�	 �<��� &12* 
� 5%�� ξ �� %��� �� � Z�K	 Lξ �$

δΩS + δφS + δgS = 0, &19*

�
"�3 5B � ���c� � �e�8 �� C � ���c� �?P
 δBC �$
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δΩS = s

∮
∂Ω

L ξμ dΣμ,

δφS =
∫

Ω

(
∂L

∂φA
δφA +

∂L

∂φA
,μ

∂μδφA + · · ·
)

dD+1r,

δgS =
∫

Ω

(
∂L

∂gα β
δgα β +

∂L

∂gα β ,μ
∂μδgα β + · · ·

)
dD+1r, &20*

f(Ω) ) Ω .3#0 ��� Ω � 
 �	 �� )" ξ �!� 5%�� Ω � 
 �	 �� )" gW�p� #2 � �@?Q dΣ �$

� b�2 �� 53#0�	 ��� &19* � l � h�e � D)� �� ��H- J"#� C
� "3 5/�� ,���

�!� ./?0�� L/0 ���> ���������� ���� "3 g ) φ �� ��Z�K	 
� � ,�
�+�� � 3�/P� �$ C
�
�� ���)��� � %��" � h�e ./?0�� ��� Ω � 
 �	 �� )" �� ξ�� ��Z�K	 
� �2�$ � 3�/P�
5%0# � &,�K 
� ��Z�K	 � �� )* δg ) δφ � 3#8 � U�E � � 3#0�	 �" &20* � O)�� ) O)3

� U
�G �� δg ) δφ 
� �" Z�K	 �q [-���q [- �� ���!D������ 
� L3����� �� ."�$ C
� �� ���
�� .δg ) δφ 5/ �� δg ) δφ �� ��Z�K	 � a	�0 �
�	 �� ����H- 5��?$�	 a4�?	 ,=
�� ����	 � � �� ��Z�K	 ) ξ �!� R+ 5/�� ,= � D)� � Z�K	 ) ξ 
� �W8 � U�$�� �

�� ��,= � k �� ����	 �� �� ��Z�K	 ) δg ) δφ ./?0�� ��� Ω � 
 �	 �� )" ,= � (k + 1)

Ω � 
 �	 �� )" ξ �� ��Z�K	 
� �2�$ � 3�/P� �!� .U���� C
� �� 5/�� ��� Ω � 
 �	 �� )"
�� ��D������ C
� 
� �0�� �� �
�	 �� ����H- .&%�� ,�
�+�� �2�$ � 3�/P� C
�* /?0�� ���

.%��E C
� "3 5/�� ��� �q [-���q [-

δφS =
∫

Ω

(
δS

δφA

)
in

δφA dD+1r,

δgS =
∫

Ω

(
δS

δgα β

)
in

δgα β dD+1r, &21*

�$

(
δS

δφA

)
in

:=
∂L

∂φA
− ∂μ

(
∂L

∂φA
,μ

)
+ · · · ,

(
δS

δgα β

)
in

:=
∂L

∂gα β
− ∂μ

(
∂L

∂gα β ,μ

)
+ · · · . &22*
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&19* .%�� ��� Ω � 
 �	 "3 ,�K
� ��Z�K	 
� �2�$ � 3�/P� �$ �
 �� ξ �� ��� .U���� C
� ��
3#0�	

∫
Ω

(
δS

δφA

)
in

δφA dD+1r +
∫

Ω

(
δS

δgα β

)
in

δgα β dD+1r = 0. &23*

.&21* ) &18* ) &2* 
� L3����� ��

δgS =−2 s

∫
Ω

(
δS

δgν μ

)
in

ξμ ;ν dD+1r,

=−s

∫
Ω

2√|D|

(
δS

δgν μ

)
in

ξμ ;ν

√
|D| dD+1r,

=−s

∫
Ω

[
2√|D|

(
δS

δgν μ

)
in

ξμ

]
;ν

√
|D| dD+1r

+s

∫
Ω

[
2√|D|

(
δS

δgν μ

)
in

]
;ν

ξμ

√
|D| dD+1r,

=−s

∫
Ω

∂ν

[
2

(
δS

δgν μ

)
in

ξμ

]
dD+1r

+s

∫
Ω

[
2√|D|

(
δS

δgν μ

)
in

]
;ν

ξμ

√
|D| dD+1r,

=−2 s

∮
∂Ω

(
δS

δgν μ

)
in

ξμ dΣν

+s

∫
Ω

T ν μ
;ν ξμ

√
|D| dD+1r, &24*

�$

T ν μ :=
2√|D|

(
δS

δgν μ

)
in

. &25*

%�� ,"�4�	 �
��	 �� %��� I?$ � `3") �$ ��2" "�$ �� C
� &24* � D)� �� �)��� "3
%�� ��2" "�$ �� C
� �� &24* � O"d�s �� �)��� "3 5&%�� ,"�4�	 �
��	 � 3#8 ,# *

�$

V ν
;ν =

1√|D| ∂ν

(
V ν

√
|D|

)
, &26*
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5/�� V � "�3�� �� ������	 �� V ν �$
.U���� C
� �� 5%�� ��� &24* �� �)��� C
�8= "3 %��" � h�e � D)� �� ��H-

3#0�	 &23*

s

∫
Ω

T ν μ
;ν ξμ

√
|D| dD+1r +

∫
Ω

(
δS

δφA

)
in

δφA dD+1r = 0, &27*

�

∫

Ω

T ν μ
;ν ξμ

√
|D| dD+1r +

∫
Ω

EA
δφA

s
dD+1r = 0, &28*

/�3�	 �<��� �$
∫

Ω

T ν μ
;ν ξμ

√
|D| dD+1r

ns=0. &29*


� � 2� $ � 3�/ P � � $ N�0 C 
� � � M 4 2* L�#A �D3 �� � � ξ �� �
� � � / 
� � &29* �� �W ��"
3#0�	 �<��� C
� 
� 5/0�� "��i�� &3#0 ��� 
�	 �� )" ξ �� ��Z�K	

T ν μ
;ν

ns=0. &30*

5%�� &10* �� �W��" �� �����	 C
�

�!"��# �� � ����$ � ������	
 � �
��� 3

�� ��,"� 4 � � � ) .%�� %�"3 O�Q �� �
�3")�� � � � I?$ �� �� �� � &30* �� � �3� P 	

� .L�
)�� 5%��� �!���)�+ �� �W��" ��3�P	 C
� �� ?HG �	� 53#0�H� N#��	 ,�	
�12

� R��; "#
3 � a90 �� 3#0�H� �" �W��" C
� 5/
=�H� %�3 �� � %$�E%� ��j �W��" C
�

� %��j ,= � O�d�� �� ����	 �� �
�12 � D������ �$ %0#� � [� �� &�3")�����u* ��#HP	
53#0 %$�E

ξ �?P
 ./0�� &���	)[
� �
 � /�#	* ���	
�12 � ,"�4� �
 � /�#	 ξ /�?$b�2 (�E
3#0�	 �<��� &2* 
� J"#� C
� "3 5/0�� T?���$ �� �"�3�� � ,�/�	 �


ξμ ;ν + ξν ;μ = 0. &31*

3#0�	 �<��� 5%�� ,"�4�	 T �$ ��?$�	 L3����� C
� 
� ) .��?$�	 U�$�� &30* �� �" C
�
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(T ν μ ξμ);ν
ns= 0, &32*

�


J̃ν
;ν

ns=0, &33*

�$

J̃ν := T ν μ ξμ. &34*

%0#� 3#0�	 �" &33* �� �W��"

∂ν

(
J̃ν

√
|D|

)
= 0, &35*

3#0�	 �<��� ,= 
� �$

Q :=
∫

J̃0
√
|D| dDr &36*

,�
�- �� �
�12 �� ������	 �
 /0�� ��0�/� 
�	 �12 �$ ,= � N�0 ��* %�� %$�E � %��j
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s ∂μ(L ξμ)+
∂L

∂φA
δφA +

∂L

∂φA
,μ

∂μδφA +
∂L

∂gα β
δgα β +

∂L

∂gα β ,μ
∂μδgα β = 0. &37*

�
"�3

δφA = −s ξσ ∂σφA + s (∂ρξ
σ)GA ρ

σ, &38*

) .3"�3 �!���� φ �� �"#���� �� �!L�
) �� G �$

δgα β = −s ξσ ∂σgα β − s (∂ρξ
σ) (δρ

α gσ β + δρ
β gα σ). &39*
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0= +ξσ
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∂φA
∂σφA − ∂L

∂φA
,μ

∂μ∂σφA − ∂L

∂gα β
∂σgα β − ∂L

∂gα β ,μ
∂μ∂σgα β

)

+(∂ρξ
σ)

(
δρ
σ L +

∂L

∂φA
GA ρ
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∂φA
,μ

∂μGA ρ
σ − ∂L

∂φA
,ρ

∂σφA

−2
∂L

∂gρ β
gσ β − 2

∂L

∂gρ β ,μ
∂μgσ β − ∂L

∂gα β ,ρ
∂σgα β

)

+(∂μ ∂ρξ
σ)
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∂φA
,μ

GA ρ
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∂gρ β ,μ
gσ β

)
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√
|D|T ρ

σ = 0. &43*
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− Θρ
σ + ∂μωμ ρ

σ − ∂L

∂gα β ,ρ
∂σgα β

ns=
√
|D|T ρ

σ. &44*
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Θ′ρ
σ := Θρ

σ − ∂μωμ ρ
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ns= −T ρ
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∫
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∮
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EA GA ρ
σ − Θρ
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− Θρ
σ =
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|D|T ρ

σ. &50*
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