
X1-008 (2002/03/21)

���� �� ��	 
� ���

mamwad@mailaps.org ���� ����

� ���� �� �	
� �� ��� �� ����� ��� �� �
�� ��� �� ����� �� �� � �����

����  �!� "�#� ���� �� ��� � $
�� �� ����

����� 0

��� ��� � � 	
� � ���� �� ��� � ��� � � �
� � ����� � ��� ��� � !� ��
 � "�
��
��� #$ ��%� ��� �!� ��
��&'� (�
��� �'&)� 	� !� �*���� � �&+��,$ !� !-���

� �
�� .� ���/� !� �0�1 �� /�&� ��� / �
��� ���/ 2���2��� !� /�&� 	� !� �0��3 �� 	
�
/� �0 �� (�+0 .��40 � ��� /� ��5$ ��� � ��6� !� �78��� !� ��� (�8� ��9�2� ����
	� �� �7+� ��
� �� �
� :�;�� ! 	���� � �
���� �� �78��� �� �8� ��� �����8 ����
!� �<�=� �� ���
� ��� !� �*���� � �&+��,$ !� !-��� �� �8� ��� ��� "� (�8� ���8

� ��� (�8� ��
� � ��� � >��� �;&,� (4&'� ��+? �� 	� � 2���2��� �&+��,$ !� !-���
�� �8� ��� �@�� � ��� ('��� �'&)� �� A
);� ��� �� �8� ! ��� 	� ��
� !� �B��C�
��� >��� ��� � ��6� �D��C� � �B�? �� (4&'� ��+? ��
� � EF8 �� �� �� � �&+��,$ � >���

� �G�8 ��� ��� (�8� ��
�� �78���/� �0 � H&I� � :�;�� (��� ���J EF8 ��� !� /�
�7+� �KL��&M !� �7��� �&B/� �� �� �0�78��� ��� �
��� ���7� ���. ���� !� !���/�.



N�8� #$ �I �� �&�. O

(��/� �8� �� �� ��� �� �7+� ��
� !� �7��6� � �����&&P� / ���� :�;�� �G�8 ��� ��
�� Q R A�C� ��� �,��8 M � :�1 �� �� $��4���� � >��� "� .� ��
� &'� S�<
!��C�� � �&T�� "� �� (����� ω !� !���/�. � �G�8 �� / ��8� R !/�� � �B�?
UR �� �7+�V 2��� .� ��
� � EF8 � WT,5� !� �0�F6� !� �TL�< � �&&P� !� �7��� �
���

X��� ��/��� ��

δR ∼ R4 ω2

GM
, U1V

� ' C � ω � 	�
 �"�
� (�8� ���� � !� /� & � � � �� J G / �� TL� <�� & & P � δR 	� �� � �
�� ���� "�
� (δR)/R

R3 ω2

GM
� 1. U2V

�� (4��/��� �8� �� �� � �&+��,$ !� !-��� � 	����'&)� �� �� δR �1 � �5� ��
!� /� �� � �&+��,$ � >��� �� 4��/��� �8� �� Q/� ��� �� �� �&)� �&)0 �2 � �5�
(4&'��� ��+? �&�. !� ��� �� !�G !� �0��6� 40 3 � �5� �� (�
� �'&)� ��
� � EF8

����	 
� ��� � �� � ������� 
� 
���� 1

��
� "� !� �*���� � �&+��,$ !� !-���

UG = −G

2

∫
d3r d3r′

ρ(r) ρ(r′)
|r − r′| U3V

� �&+��,$ !� !-��� �'� �&&P� ρ ��� (�8� ��
� !� ���1 !� �B�@� ρ 	� �� �� ��8�
4���� / �'��� �&&P� 40 �*����

δUG = −G

∫
d3r d3r′

δρ(r) ρ(r′)
|r− r′| − G

2

∫
d3r d3r′

δρ(r) δρ(r′)
|r − r′| . U4V

�� � & B/� !� �*���� � �&+ �� , $ r′ !� /� !�&�D��@, �� ��8�� � Y�Z � D/� !� �T)1 ��
�������'� (0���

δUG =
∫

d3r δρ(r)φG(r) − G

2

∫
d3r d3r′

δρ(r) δρ(r′)
|r − r′| ,



[ X1-008 (2002/03/21) ���� )��

= : δU1 + δU2, U5V

��� !� �T\+� �� (�8� ρ .� ���� !� �*���� � �&+��,$ φG 	� �� ��

ρ(r) =
{

ρ0, r < R

0, r > R
, U6V

	� �� ��

ρ0 :=
M

4π R3/3
, U7V

/

ρ(r) + δρ(r) =
{

ρ0, r < R + δR(r̂)
0, r > R + δR(r̂)

, U8V

	� �� ��

r(r̂) = R + δR(r̂) U9V

(�8� �G�C� !� ��� � ����� r̂ / ���
� � EF8 !� �B��C�
�
��� φG � �&+��,$ �R � A�C� �� !� ��� � 	/�&� !� �0�F6� ��

φG(r) = −GM

r
. U10V

!� �7��� �� �F��� ��� 40 r < R !� ��� ��8� �,8
&$ r = R �� �&+��,$ ��� � H,*� 	
�

� �8�� � Y�Z � D/� !� �T)1 �� !�&�D��@,�� !� �&?�� (�8� �8�� R− r �� �7+� "�

� Y�Z � D/� !� �T)1 �4&'� ���K,8� U10V .� φG !� ��� ��� ]$ (�8� δR !� �7��� .� U5V
�
��� �T)1 ��� �^&��� ��� �� (�8� �8�� δR �� �7+� /� !� �7��� �� U5V � �8��

δU1 = −GM

∫
d3r

δρ(r)
r

,

= −GM

∫
dΩ

∫ R+δR

R

dr r ρ0,

= −GM ρ0

∫
dΩ

(R + δR)2 − R2

2
,



N�8� #$ �I �� �&�. _

= −GM ρ0

2

∫
dΩ [2R δR + (δR)2]. U11V

!� �T)1 ��+0 `/�K,� !� �0�7��� �� �T)1 /� �F��� ��� � �8�� � Y�Z �� 8��� �a� ��
�� &I ��� ��� δR (�+&� �&'� ��� (/� !� �7��� .� :/� !� �T)1 / "� !� �7��� .� D/�

]$ (�8� �� $��4���� ��
� 	
� ��
*� S
G ���� !� ��
� � 4;? �� ��/� ��
∫

dΩ
∫ R+δR

0

dr r2 =
∫

dΩ
∫ R

0

dr r2, U12V

��

0 =
∫

dΩ
∫ R+δR

R

dr r2,

=
∫

dΩ [R2 δR + R (δR)2], U13V

�
��� �;&,� �1��� .� (�8� �8�� δR �� �7+� /� !� �7��� �� :/� !� !/�+� 	� �� ��
∫

dΩ R δR = −
∫

dΩ (δR)2, U14V

�U11V �� ��� !� !�� ��1 �� /

δU1 =
GM ρ0

2

∫
dΩ (δR)2. U15V

(�8� (δR)2 !� �7��� .� !�&�D��@,�� !� �&?�� �� 4&'��� �1
� �δU2 !� �78��� !� ���
δR �� �7+� /� !� �7��� �� �;&,� �R 4��� @� r′ / r !� �1 �� ��D��@,�� �� ��� ������'�

4���� (�8� �8��

1
|r− r′| =

∑
l,m

4π

2l + 1
rl
<

rl+1
>

Ylm(r̂)Y∗
lm(r̂′), U16V

!� �'&*&� / �'&)� ^&��� �� �r> / r< / �� !/�� !� �0b'0�40 �0 Ylm 	� �� �� �c1d
(�8� �&'� δR �� �7+� /� !� �7��� �� δU2 �
��� �;&,� (�� {r, r′}

δU2 = − G

2R

∫
d3r d3r′

∑
l,m

4π

2l + 1
δρ(r) δρ(r′)Ylm(r̂)Y∗

lm(r̂′),

= −Gρ2
0

2R

∑
l,m

4π R4

2l + 1

∣∣∣∣∣
∫

dΩ Y∗
lm(r̂)

∫ R+δR

R

dr

∣∣∣∣∣
2

,



e X1-008 (2002/03/21) ���� )��

= −3GM ρ0

2

∑
l,m

1
2l + 1

∣∣∣∣
∫

dΩ δR(r̂)Y∗
lm(r̂)

∣∣∣∣
2

. U17V

X��� f+� !/�� !� �0b'0�40 � ^+? �� �
��� �� δR � >���

δR =
∑
l,m

alm Ylm(r̂). U18V

� � �
��� �;&, � U14V .� 	
� g�8� �KL δR �� �7+� "� !� �7��� � � a0 0 �1��� ��
�δR �� �7+� "� !� �7���

∫
dΩ δR(r̂) = 0. U19V

�δR �� �7+� "� !� �7��� �� ]$ (c1d �8�
√

4π a0 0 � ����� h�� !� �F��� � i� � Y�Z

a0 0 = 0. U20V

.� ���K,8� �� (��
� �0 alm � ^+? �� �� δU2 / δU1 �
��� h�?

alm =
∫

dΩ δR(r̂)Y∗
lm(r̂), U21V

�
��� �;&,� �c1d

δU1 =
GM ρ0

2

∞∑
l=1

l∑
m=−l

|alm|2, U22V

/

δU2 = −GM ρ0

2

∞∑
l=1

l∑
m=−l

3
2l + 1

|alm|2, U23V

0��� �;&,� ��

δUG =
GM ρ0

2

∞∑
l=1

l∑
m=−l

(
1 − 3

2l + 1

)
|alm|2. U24V

��� ]$ (�� �KL �� �l = 1 !� �0�T)1 21 ��� �7j� �0�T)1 ��� !� �)0 �
��� ���
�0 alm !� �)0 �� �
� ��� �� �k�',� �&+��,$ !� �'&)� ��
��)� ��� �� !� �@�� !� !-���
UD/� !� �7��� ��V �� ��
� � ^TL � D�6,�� �� �k�',� �0 a1m ��� (�0 a1m 21 �'��� �KL



N�8� #$ �I �� �&�. l

�� 4&,�� ��� �� m�� ��� ��� (''��)�S
G �� �*���� � �&+��,$ !� !-��� �,7B� ��
(���� �KL �0 a1m ���� !n 7� �� ��
� � :�12����

� �G�8 � � 	���� � �
���� �� (4�.���o � 2 ���2��� � �&+�� , $ !� !-��� � � h�?
X4&'� �<�=� 2���2��� !� /�&� "� ��� �ω !� !���/�.

Fcf = m ω2 s, U25V

m (�8� ���� � �
�� 	� � �
�� �� ��8� !����
,8� � A�C� � ����� s 	� �� �� �c2d
��
� � ���40 �� ! �
���� �� 	
� (�
��� ���/ 	� �� /�&� ��� �� !� ��3 � :�1 40
�1��� .� (c2d �+&� :.h ! �@�� !� �,5B !� /�& � ��8� ���8 ��
� � �
� �����

� 2���2��� � �&+��,$ !� !-��� ��3 !� ���

Ucf = −m ω2 s2

2
U26V

X�8� ���� � �
�� �� �TL�< s 	� �� �� ��
��� �;&,�

s = r sin θ. U27V

� 2 ���2��� � �&+�� , $ !� !-��� (�8� ���� � �
�� �� �7+� θ !� ��/�. �1��� ��
�
��� 	���� !� ��
�

Ucf + δUcf = −ρ0 ω2

2

∫
dΩ sin2 θ

∫ R+δR

0

dr r4,

= −ρ0 ω2

2

∫
dΩ sin2 θ

[
R5

5
+ R4 δR(r̂)

]
. U28V

.� ���K,8� �� (4�� �,��� �@� �� δR � ���� !� �T)1 �&B/� f6< ��� !� !/�+� ��

P2(cos θ) =
3 cos2 θ − 1

2
, U29V

�
��� �;&,� UδR �� �7+� "� !� �7��� ��V U19V .� ���K,8� �� /

δUcf =
ρ0 ω2 R4

3

∫
dΩ P2(cos θ) δR(r̂),

=
ρ0 ω2 R4

3

√
4π

5
a2 0. U30V



p X1-008 (2002/03/21) ���� )��

�� �� ���K,8� ��� .� �1��� ��

P2(cos θ) =

√
4π

5
Y2 0(r̂), U31V

�
��� �� � �&+��,$ !� !-��� � �&&P� �^&��� ��� �� (c1d

δU : = δUG + δUcf ,

=
GM ρ0

2

∞∑
l=1

l∑
m=−l

(
1 − 3

2l + 1

)
|alm|2 +

ρ0 ω2 R4

3

√
4π

5
a2 0. U32V

�
��� ��� (U�0 alm �� �7+�V '��� �'&)� �� �&+��,$!� !-��� ��� D��C� � �B�?
�� / �� D�6,�� �� �k�',� �0 a1m (a2 0 / �0 a1m 21 �� �KL �)0 �0 alm �B�? ��� ��
δR 	
� (�
��� �KL�� &M a2 0 f6< ]$ (�
��� �KL !n 7� �� :�12� ��� � �,�� �

(��/��� �� �� �F��� ��� a2 0 �;&,� �� (�8� �6&6? 40 a2 0 ��8� �6&6?

GM ρ0

(
1 − 3

5

)
a2 0 +

ρ0 ω2 R4

3

√
4π

5
= 0. U33V

�^&��� ��� �� U(���� �8� �� a2 0 �� �7+� δU .� !�&�H,*� �� �F��� ���V

a2 0 = −5
6

√
4π

5
ω2 R4

GM
, U34V

�1	� .� /

δR(r̂) = −5
6

ω2 R4

GM
P2(cos θ),

= −5
6

ω2 R2

g
P2(cos θ), U35V

(�8� ��
� � EF8 �� ����� � ��,� g 	� �� ��

����	 
� ��� � ��� � �� � ������� 2

� f+� .� ��� &@ � �� �� ��
 � �� !n 7� � 2��� � � !� ��� � 	/� & � �� �*���� � �&+ �� , $
�
��� �;&,� r< = r′ / r> = r �� U16V .� (���� �8� �� �0�7FI'�



N�8� #$ �I �� �&�. q

φG(r) + δφG(r) = −4π G
∑
l,m

qlm

2l + 1
Ylm(r̂)
rl+1

, U36V

	� �� ��

qlm :=
∫

d3r Y∗
lm(r̂) rl ρ(r). U37V

�
��� �;&,� Y0 0 = (4π)−1/2 �� �1
� �� (�� ��
� !� ���1 !� �0�7FI'� �0 qlm

q0 0 =
M√
4π

, U38V

��0�7FI'� !� �&6� � ��
� �� (�8� ��
� � ��� .� �6,+� ��

qlm = ρ0

∫
dΩ Y∗

lm(r̂)
∫ R+δR

0

dr rl+2,
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∫
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∞∑
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∞∑
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� ]$ (�8� Y2 0 �� ^8�',�

/ �a2 0

(
1 − 3

5

)
GM

R2
a2 0 Y2 0(r̂) +

1
3
ω2 R2 P2(cos θ) = 0. U46V

� :�12� ��� ��� (��� ��+? �1��� .� �
��)� �� �0	� / �8� �KL �0 a1m � ^��= �,7B�
!� �� � �1��� !� /�& � "� `�
L ��� � �&M �� ���� ���� � �
�� !� /� �� � ��
�
�� / �� <� � :� 12� �� � � �
 � �
 �� � �� !n  7 � ] $ (�8� :.h :� 12� �� � � 	 �� �� �
U35V � `��7G 	�)0 �� �U46V .� a2 0 !� �78��� �� (�
��� �KL �0 a1m `�
L ���

(4&8���

���� 
� � � � ����� 3

�
��� Uθ = 0V �0^FI �� δR �U29V .� ���K,8� �� / U35V �� �1
� ��

δRp = −5
6

ω2 R2

g
, U47V

�
��� Uθ = π/2V �
,8� �� /

δRe =
5
12

ω2 R2

g
. U48V

�
��� �
,8� / �0^FI �� A�C� � �=�K� �1��� .�

ΔR =
5
4

ω2 R2

g
. U49V

��&�. !� ���

g = 9.8
m
s2

,

R = 6.4 × 106 m, U50V

�u')= (c3d



ss X1-008 (2002/03/21) ���� )��

ω =
2π

T
,

= 7.3 × 10−5 s, U51V

�
��� �;&,� �1��� .� (�8� U�G�8 24V �&�. � ���� !� ��/� T 	� �� ��

ΔR = 28 km. U52V

(c3d �8� 21 km �&)� ��� !� ���&;'8 � ��6�
(�
��� ���. �&�. � 2��� � Y�Z �� �B�@� X�+&� ��40 �&�. �� 4���� �1
� �,7B�
��
��� �0�k U39V �� �*���� !� �0�7FI'� !� �78��� !� ��� �� �� �B�@� ������'�
"� � �j� �&�. �� �� !? � �B�? �� >I�/ �� (�8� Uρ0V f8
,� !� �B�@� .� ��4�
!� �� � ]$ (�7FI"� 21  �
��� �KL �0�7FI'� !� �)0 ��� � !��F6 � � :�1
�� �'C� ��� (�
��� U39V �� �8� ! 	� .� ��4� alm �� qlm � �7+� ��CI�/ � �&�.
"� / �KL � �& � αl 	� �� �� �3αl/(2l + 1) ��� � �� � 3/(2l + 1) !� �1 �� �U41V
��4� D��C� � �B�? � a2 0 � �
� / ��
��� ��9�2� U45V �� alm � ^��= ������'� (�8�
��40 � �&�. !� ��� ���78��� � ��6� .� ��4� ��� 40 �uCI�/ �&�. !� �5$ �'C� (�
���

(��� U28 kmV
!� �5$ !� ��� ���78��� � ��6� �
��� ��&�. !� �B�@� !� ��� ���8 � D� "� ��

(�8� ��� ��� �� �&�. !� �B�@� &'� S�< (��� ���� �� �&�.

ρ(r) = ρ0 f

(
r

R + δR

)
, U53V

!� �'C� (�8� "� �&�. !� /� 	� !� �);? � �&�	�&� �� �8� !� >��� f 	� �� ��
�� �F6� 	� !� �TL�< �� f6< ��&�. � 	/�� �F6� "� !� �B�@� �� �8� 	� h�� � `��7G
�'C� ����� ���,+� �� ��� �F6� 	� .� �� �&�. .� ! A�C� � D
Z �� 4&+6� �&�. � 2���

(�
��� vwL� �&'� U39V `�
L ��� �� (�� ���*,� �B�@�40 !� �0EF8

qlm = ρ0

∫
dΩ Y∗

lm(r̂)
∫ R+δR

0

dr rl+2 f

(
r

R + δR

)
,
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= αl ρ0

∫
dΩ Y∗

lm(r̂)
(

Rl+3

l + 3
+ Rl+2 δR

)
,

= αl ρ0 Rl+2 alm, l �= 0, U54V

	� �� ��

αl :=

∫ 1

0

dx xl+2 f(x)
∫ 1

0

dx xl+2

. U55V

�u ')= (�8� "� α0 �
��� �;&,� ��8� "� ��
� � �� !� /� f � �&�	�&� �� ��� .�
.� ��"�
� �0 αl !� �&6� U�8� �&'� �&�. � ��
� �� ��V ��� �B/2� f ��� �
��� ���
!� �,5B !� /� .� �
��� �� �&)� ��� (�8� α2 !� �78��� Y0 �1��� �� (�� "�

X��/� �8� �� Q R ���� � �
�� � D
? �&�. !� �*���

I = ρ0

∫
dΩ sin2 θ

∫ R+δR

0

dr r4 f

(
r

R + δR

)
,

= α2 ρ0

∫
dΩ sin2 θ

∫ R+δR

0

dr r4,

= α2 I0, U56V

!� �,5B I0 / ��8� 	� � ���� � �
�� � D
? ��
� !� �*��� !� �,5B I 	� �� ��
	�)0 � D
? ����
�"� !� �B�@� �� ��� :�1 / �.��� / ��� 	�)0 �� !� ��
� !� �*���

��&�. !� ��� (�
��

I = 8.1 × 1037 kg m2, U57V

Q R �FI "� � D
? ���
�"� !� ��� "� !� �*��� !� �,5B ��� (c3d

I0 =
2
5

M R2 U58V

�� �1
� �� ��&�. !� ��� (�8�

M = 6.0 × 1024 kg, U59V
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�
��� �;&,� �c3d

I0 = 9.8 × 1037 kg m2, U60V

�1��� .� /

α2 =
I

I0
,

= 0.83. U61V

�
��� U46V !� ��vwL� � ��� ]$
(

1 − 0.83 × 3
5

)
GM

R2
a2 0 Y2 0(r̂) +

1
3
ω2 R2 P2(cos θ) = 0, U62V

�1��� .� /

ΔR =
1 − (3/5)

1 − (0.83 × 3/5)
,

= 0.80 × 5
4

ω2 R2

g
,

= 22 km. U63V

��&+� 21 km !� ���;� � ��6� �� H<�
� ��<� ��� �� �� !� ���8 � D� �� �1
� ��
/ � ���K,8� ω / �R �g � �&)� �8 f6< .� ��78��� ��� !� ���8 � ��� �� (�8� �
�
22 km � �G I !� �<�=� � �&)� "� f6< .� ���K,8� �� (�� �8� �� 28 km � ��6�
�+& �  � U(��/� �8� � � G / �R �g !� /� .� �
��� �� �& �. � :�1V (�� �8� � �
/ "�
� !� �0�FI4&� � D
Z � �=�K� / �+&� ����� 40 �
,8�f� � � �
� �� &'� �1
�

(c3d �8� 200 m � �/? Q R 9�2�



N�8� #$ �I �� �&�. s_

�!"#�� 4

[1] John David Jackson; “Classical electrodynamics”, 3rd edition (John Wiley

& Sons, 1998) chapter 3

[2] Herbert Goldstein; “Classical mechanics”, 2nd edition (Addison-Wesley,

1980) chapter 4

[3] “CRC handbook of chemistry and physics”, 80th edition (The Chemical

Rubber Company, 1999) 14-6


